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Abstract 

We study the well-posedness of the initial- value problem for the periodic nonlinear "good" Boussinesq 
equation. We prove that this equation is local well-posed for initial data in Sobolev spaces H''{T) for 
s > —1/4, the same range of the real case obtained in Farah [6]. 

1 Introduction 

In this work we consider periodic boundary value problem (PBVP) for the Boussinesq- type equation 

Utt-Uxx + Uxxxx + ifiu))xx^O, xeT,t>0, 
u{0, x) — uo{x)] ut{0,x) = ui{x). 

Equations of this type, in the continuous case, were originally derived by Boussinesq ^ in his study of 
nonlinear, dispersive wave propagation. We should remark that it was the first equation proposed in the 
literature to describe this kind of physical phenomena. 

Our principal aim here is to study the local well-posedness (LWP) for the PBVP associated to the "good" 
Boussinesq equation, that is, f{u) = in equation ([1]), under low regularity of the data. Natural spaces to 
measure this regularity are the classical Sobolev spaces i7'*(T), s e M equipped with the norm 

ll/l|ff=(T) = IIMVIU^(T) 

where (a) = 1 + \a\. 

Concerning the LWP question for the initial value problem (IVP), several results have been obtained 
for the equation ([T]). Using Kato's abstract theory for quasilinear evolution equation, Bona and Sachs [1] 
showed LWP for / e C°° and initial data uq G i7'*+2(K), ui e iJ*+i(R) with s > 5. Tsutsumi and Matahashi 
[H] established similar result when f{u) = p > 1 and uo G H^{M.), ui — Xxx with x ^ H^iM). 

Later, Linares [TT] proved that H]) is locally wcU-posedncss in the case f{u) = \u\'p~^u^ 1 < p < 5 and 
Mo G ui = hx with h £ iJ^^(R). The main tool used in his argument was the use of Strichartz 

estimates satisfied by solutions of the linear problem. We should remark that all these results also hold 
for the "good" Boussinesq equation. These results were improved by Farah [6 who proved that the "good" 
Boussinesq equation is locally well-posedness for initial data and (mq, ui) G H^{M) x H^^^iM), with s > —1/4 

In the periodic setting, equation ^ was studied by Fang and Grillakis [5]. Using the Fourier restriction 
norm approach introduced by Bourgain 3 in his study of the nonlinear Schrodinger equation (NLS) 

iut + Uxx + m|u|'°^^ — 0, with p > 3, 

they proved LWP for (P) assuming uo G H'' , ui e i/''^^, with < s < 1 and |/(m)| < c|u|p, with \ <p < 
if < s < ^ and 1 < p < 00 if i < s < 1. Moreover, if uq G ui G H^^ and J{u) = A|u|«~^m - 
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with 1 < q < p and A G M then the solution is global. In particular, for the "good" Boussinesq equation, the 
lower Sobolev index where they obtain LWP is s = 0. 

In this paper, we also consider the periodic setting and improve this last result by establishing the LWP 
with s > — 1/4 for the "good" Boussinesq equation. To this end we follow the argument in [5] , where Farah 
use the method developed by Kenig, Ponce and Vega |10j for the quadratics nonlinear Schrodinger equations 

iut + u.^^ + Fj (w, u) 0, j = 1, 2, 3. (2) 

Here u denotes the complex conjugate of u and Fi(u, u) — u^, F2{u, u) — uu, F^^u, u) — in one spatial 
dimension and in spatially real and periodic case. We should mention that Bejenaru and Tao 1 improved 
the result in [10^ for nonlinearity Fi in the real case. 

The arguments in [lOj use some arithmetic facts involving the symbol of the linearized equation. For 
example, the algebraic relation for quadratic NLS ^ with j = 1 is given by 

2\ni{n - ni)\ < \t - n'^\ + \{t - n) - {n - ni)'^\ + |ti - n?|. (3) 

Then splitting the domain of integration in the sets where each term on the right side of ([3]) is the biggest 
one, Kenig, Ponce and Vega made some cancellation in the symbol in order to use his calculus inequalities 
(see Lemma lO]) and a clever change of variables to established their crucial estimates. 

To describe our results we define next the Xs^t spaces related to our problem. 

Definition 1.1 Let y be the space of functions F(-) such that 
{i) F : T X C. 
(m) F{x, •) e S{R) for each x £T. 
{Hi) F{-,t) e C°°(T) for each t e R. 

For s,6 G M, Xg i, denotes the completion of y with respect to the norm 

\\F\\x... = ||(|r|-7(n))''(n)^F||,.^., (4) 

where ~ denotes the time-space Fourier transform and ^{n) = \J + n*. 

Now we state the main results of this paper. 

Theorem 1.1 Let s > —1/4 and m,w G Xs.-a- Then, there exists c > depending only on a,b and s such 
that 

' ' ; ' ] <c\u\ y \ v\ y , (5) 

X s , — a 

where denotes the inverse time-space Fourier transform, holds in the following cases 
(i) s > 0, 6 > 1/2 and 1/4 < a < 1/2, 

(a) -1/4 < s < 0, 6 > 1/2 and 1/4 < a < 1/2 such that \s\ < a/2. 

Theorem 1.2 For any s < —1/4 and any a,b £ M, with a < 1/2 the estimate fails. 

Theorem ll.2l implies that in our frame the following local well-posed result is sharp (except for the limiting 
case which remains open). 

Theorem 1.3 Let s > -1/4, then for all (j) G H^{T) and tp G H''-'^{T), there exist T = T{\\(f)\\H= ^HWh^-^) 
and a unique solution u of the IVP (OJ) with f(u) = , ug = <j) and ui = ij^x such that 

u&C{[0,T]:H'{T))nX,^b. 
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e (0,T) there exists R = R{T') > such that giving the set W ee {{<f>,t(;) e H'{T) x 
, + II "0 ^ V'llffs-i(T) ^} map solution 



S : W 



Ci[0,T']:H%T))nX,^t, (0» 



u{t) 




These theorems are surprising. The Fourier restriction norm approach, in most of the equations, provide 
different best Sobolev index results in the real and periodic cases. By means of this technique we have the 
following LWP results. 

For the Korteweg-de Vries equation (KdV) 

Ut + U^xx + UUx = 0, 

s > -3/4 for the IVP and s > -1/2 for the PBVP (sec Kcnig, Ponce and Vega 0). 
For the modified Korteweg-de Vries equation (mKdV) 



s > 1/4 for the IVP and s > 1/2 for the PBVP (see Kenig, Ponce and Vega [8] and Bourgain '3^). 

For the equation ^ with nonlinearity Fi, s > — 1 for the IVP and s > —1/2 for the PBVP (see Bejenaru 
and Tao [T] and Kenig, Ponce and Vega pUp. 

For the equation ^ with nonlinearity F3, resp. F2, s > -3/4 for the IVP and s > -1/2 for the PBVP, 
resp. s > —1/4 for the IVP and s > for the PBVP (see Kenig, Ponce and Vega lOj). 

So it seems that in general the lower Sobolev index which guarantee LWP for the IVP is lower (in fact, 
at least 1 /4 for the one dimensional case) than that for the IB VP. 

In our case the situation is different. Together with Theorem 1.1-1.3 of [B], we conclude that the "good" 
Boussinesq equation ([T|) in the real and periodic cases are local well-posed in all Sobolev spaces H'^ for 
s > —1/4. Since we also show that our estimates for the bilinear operators fail for s < —1/4, the result 
concerning the local well posedness of the "good" Boussinesq equation is the optimal one provided by the 
method in both settings (except for the limiting case). As far we know, this is the first example where we 
have this kind of result for negative indices of s. 

The plan of this paper is as follows: in Section 2, we prove some estimates for the integral equation in 
the Xg^b space introduced above. Bilinear estimates and the relevant counterexamples are proved in Section 
3 and 4, respectively. 

2 Preliminary Results 

First, we consider the linear equation 



Ut + u. 



'XXX 



+ (Su^Ux ~ 0, 



Utt - Uxx + U; 



•xxxx 



= 



(6) 



the solution for initial data u(0) — (p and itt(O) — ipx, is given by 



u{t)^V,it)(P + Vs{t)t. 



•x 



(7) 



where 
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By Duhamcl's Principle the solution of (NLB) is equivalent to 



i{t)^V,{t)ct) + V,{t)^^+ / V,{t-t'){u'),^{t')dt'. 

Jo 



(8) 



Let 6* be a cutoff function satisfying e C^(M), < 6* < 1, 61 = 1 in [-1, 1], supp(6l) C [-2, 2] and for 
< T < 1 define 9T{t) = d{t/T). In fact, to work in the Xs.b spaces we consider another version of that 
is 



uit) = 9{t){V,it)^ + Vsim^)+eT{t) I Vsit-t')iu^),,{t')dt' 



(9) 



Note that the integral equation ([9]) is defined for all {t,x) £ M^. Moreover if u is a solution of ([9]) than 
" = ''^[[o.T] will be a solution of ^ in [0, T]. 

In the next lemma, we estimate the linear part of the integral equation Q. 
Lemma 2.1 Let u{t) the solution of the linear equation 

u{0,x) ^ 4>{x); ut{0,x) ^ {■iIj{x))x 
with (j> E and t/j G H^^^ . Then there exists c > depending only on 6, s, b such that 

\\9u\\x^^,<c{mH^ + mH^-i). 

Proof. The proof is analogous to Lemma 2.1 of [5]. 

Next we estimate the integral part of ([9]). 
Lemma 2.2 Let < b' < < b < b' + I and < T < I then 



(10) 



(t) / Vs{t ~ t')g{u){t')dt' 



9{u){t, n) 
2i'-f{n) 



Proof. The proof is analogous to Lemma 2.2 of [B]. 

■ 

To finish this section, we remark that for any positive numbers a and b, the notation a < 5 means that 
there exists a positive constant 9 such that a < 9b. We also denote a ^ b when, a < 6 and b < a. 

3 Bilinear estimates 

Before proceed to the proof of Theorem II. li we state some elementary calculus inequalities that will be 
useful later. 

Lemma 3.1 For p,q > and r — min{p, q,p + q — 1} with p + q > 1, there exists c > such that 

dx 



< 



{x - a)P{x - (3)1 ~ {a- py 



(11) 



Proof. See Lemma 4.2 in [7]. 



Lemma 3.2 If ^ > 1/2, then 



sup 



(n,r)eZxE„^ 



(l + |T±ni(n-ni)|)7 



< oo. 



(12) 
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Proof. See Lemma 5.3 in [lOj . 

Lemma 3.3 Let < a < 1/2, a G R, /3, i/ > and H ^ {h e R : h = a ± n,n £ Z and \h\ < /?}. Then 

dx \ 



Proof. Since this is only a calculation we omit the proof. 
Lemma 3.4 There exists c > such that 



{v + x) 



2a 



(13) 



1 l + \x~y\ ,^ ^, 

- < sup ■ ' ^ , < c. (14) 



c 



x,y>0 l+\x - ^/', 



Proof. Since y < ^/y"^ + y < y + 1/2 for all y > a simple computation shows the desired inequalities. 

■ 

Remark 3.1 In view of the previous lemma we have an equivalent way to compute the Xg^b-norm, that is 

\\u\\x^^,^\\{\T\-n')\nYu{T,n)\\,.^L.. 

This equivalence will be important in the proof of Theorem \1.1\ . As we commented in the introduction the 
Boussinesq symbol \Jv? -\- does not have good cancellations to make use of Lemma \3.1\ Therefore, we 
modify the symbols as above and work only with the algebraic relations for the Schrodinger equation already 
used in Kenig, Ponce and Vega JlUf in order to derive the bilinear estimates. 

Now we are in position to prove the bilinear estimate ([5]). 
Proof of Theorem 11.11 Let u,v ^ Xg.b and define f{T,n) = (|r| — n'^)^{n)^u{T,n), g{T,n) = (|r| — 



'u(t, n). Using Remark l3.1l and a duality argument the desired inequality is equivalent to 



\Wif,g,cl))\<c\\f\\i2L2j\g\\i2LMkL^. (15) 

where 



W{f,g,^) = E / 



2 j{n) {ni)^{n — rii)" 

g{Ti,ni)f{T - Ti,n - ni)(j){T,n) 
(|r| - n2)-(|ri| - nl)b{\r - n\ - {n - n,)^)" 



drdri . 



Therefore to perform the desired estimate we need to analyze all the possible cases for the sign of r, ti 
and T — Ti . To do this we split M"* into the regions 



ri = {{n, 


T,ni, 




e I 




: Ti < 0, r 


- n < 0}, 




r2 - {{n, 


T,ni, 


ri) 


e I 




: n > 0, r 


- Ti < 0, r 


>0}, 


rs - {{n, 


T,ni. 


.ri) 


e I 


r4 


: Ti > 0, T 


- Ti < 0, r 


<0}, 


= {{n, 


T,ni, 


.ri) 


e I 


R4 


: ri < 0, r 


- n > 0, r 


>0}, 


rs - {{n, 


T,ni, 




e I 


R* 


: ri < 0, r 


- Ti > 0, r 


<0}, 


re = {{n, 


T,ni, 




e I 


R* 


: n > 0, r 


-Tl> 0}. 





Thus, it is sufficient to prove inequahty (fT5)) with Z{f, g, cj)) instead of W(f, g, (/)), where 

2 /-^^ " (ti,»-i)/(t2, W2)^ (T,n) 

7(n) {niYin^}' {a)^{ai)b{a2) 



n.ni 

with n2 = n — ni , T2 = T — Ti and cr, cri , (72 belonging to one of the following cases 
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(/) a = T + 




o\ = 


n + 






= T2 


+ nl 


{II) a = T - 




(Ti = 




nl, 




= T2 


+ nl 


{III) (J = T + 




(Tl = 






0'2 


= T2 


9 

+ nl 


{IV) <7 = T- 


n^, 


(Tl = 


n + 




CT2 


= T2 


-nl, 


{V) cr = T + 


2 
71 , 


0-1 = 


Tl + 


9 


CT2 


= T2 




{VI) (J = T- 




0"! = 


Tl - 






= T2 
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Remark 3.2 


Note that 


the 


caset 


a 


= T 





ai = Tl — nf, <J2 ^ T2 — '^nd a = t — n 



Tl + nl, 02 — T2 + nl cannot occur, since ti < 0, t — ti < implies r < and ti > 0, r — ti > implies 
T > 0. 

Applying the change of variables {n, t, ni, ti) i~+ — (ti, t, ni, ti) and observing that the Z^L^-norm is preserved 
under the reflection operation, the cases {III), {II), {I) can be easily reduced, respectively, to {IV), {V), 
{VI). Moreover, making the change of variables T2 = t — ti, 7i2 = n — ni and then {n,T,n2,T2) > 
— T, 712, T2) the case {V) can be reduced {IV). Therefore we need only establish cases {IV) and {VI). 

We first treat the inequality (fT5|) with Z{f, g, (f) in the case {VI). We should remark that this estimate is 
exactly inequality (1.27) that appear in Theorem 1.8 of [10 , but since it is important to have the inequality 
(fT5| with a < 1/2 < 6 such that a+b < 1 to make the contraction arguments work we reprove this inequalities 
here. We will make use of the following algebraic relation 



- (r - n^) + (n - nl) + ((r - n) - {n - m)"^) = 2ni{n - m). 
By symmetry we can restrict ourselves to the set 



A = {{n,ni,T,Ti) e X 
We divide A into three pieces 



(r-Ti) - {n~ni)^\ < In -7i?|}. 



(16) 



Ai = {{n,ni,T,Ti) £ A : n ^ 0}, 

A2 = {(n, 7ii, r, Tl) e j4 : ni = or rii = 7i}, 

^3 — {{n,ni,T,Ti) £ A : n 0,ni and ni n}. 



Next we split A3 into two parts 



^3,1 = {{n,ni,T,Ti) e A3 : \ti - nil < \t - n"^]}, 
Az.2 = {(n,ni,T, Tl) e A3 : |t - 71^1 < |ti - nil}. 



We can now define the sets i = 1, 2, as follows 

i?i Ai U yl2 U ^3,1 and R2 = A3, 2. 

In what follows XR denotes the characteristic function of the set R. Using the Cauchy-Schwarz and 
Holder inequalities it is easy to see that 



1^1' < mlL-M^llLAWllLl 



\1a 



7(71)^ ^ 



{n)^^{ni)-^^{n2)-'^XR. 
{aiYHo2?'' 



dTi 



I'llLlWdW'llLll 



\2b 



l2 



\n\^ (n)2«(ni)-2«(7i2)-2«Xi?. 



7(n)2 



(a)2-(a2)2'' 



dT 
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Therefore in view of Lemma [Ol - ([TT|) it suffices to get bomids for 

^ 1 |n|4 ^ (n)^-(ni)-^-(n2)-^- 

~ ((7)2"7(n)2 (r-n2-2n2 + 2nni)26 

1 >r- 1^1' (n)2-(ni)-2«(n2)-2- 

In the region we have = 0, therefore the estimate is trivial. 

7(n)2 

In region A2, we have 



{nf^m)-^^n2)-^' <l and < 1 

7(n)2 

Therefore for ni = or ni = n we obtain 



' " for aU n G Z. 



for a, 6 > 0. 

Now, by definition of region ^3^1 and the algebraic relation (fT6|) we have 

(n)2^(ni)-2«(n2)-2^ < (c7)^(^) 

where 

, . f 0, if s > 
^''^ " \ 2|s|, if s<0 ■ 

Therefore by Lemma [OCS) 

Jl < SUp(CT)^(")-2a _L ^ < 1 

for 6 > 1/2 and A(s) < 2a. 

Next we estimate J2. In region A3 2, we have 

(n)2^(ni)-2-(n2)-2^ < (ai)^^^) 

and 

|ti + ni^ - 2mii| < 2(ai). 
Define i7 = {n € Z : |ti + ni'^ — 2nni\ < 2{ai)}. In view of Lemma [5751 - ([ T ^ . we have 

J2 < sup(ai)^(^)-2''^ ^ 



< 



, \\(s)-2b / /•('Ti)/|ni| / -, s -2a 

< sup (,.)><•»-->+<'"';'•,"" +'''-'^",'''-""<i 

nuri \ni\ \ni\ 



for a < 1/2 and A(s) < min{26, 2a + 26 - 1}. 
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Now we turn to the proof of case {IV). This is analogous to inequality (1.29) of TIT. In the following 
estimates we will make use of the algebraic relation 



First we split Z x 



- (r - n^) + (ti + nl) + ((t - - (n - Uif) = 2nin. 

F into three sets 

Bi = {(n,ni,r, ri) G x 
B2 — {(n, ni, r, ri) e Z^ X 
-^3 — {(n, ni, r, Ti) e Z^ X 

Next we separate B3 into three parts 



V -.71 = 0}, 

|2 : m = 0}, 

£2 : m 7^ 0,n7^ 0}. 



Bs.i = {(n, ni,r, n) G -B3 
iJ3,2 = {{n,ni,T,Ti) e B-i 
B3,3 = {{n,ni,T,Ti) e B-i 



In +n\\, |(r - n) - (n - ni)^l < |r - n^j}, 
|r — n^l, |(r - n) — (n — ni)^| < |ri + n?|}, 
In + nil, |r - n^'l < |(r - n) - (n - ni)^|}. 



(18) 



We can now define the sets S'i, i = 1, 2, as follows 

5i = SiUS2UB3,i, ^2-^3,2 and ^3 = 53,3. 
Using the Cauchy-Schwarz and Holder inequalities and duality it is easy to see that 

\Z? < ||/|||i.||5ll|L.||'/'ll|L^^ 

2^ / i—T^, — ^ dTi 



+ ll/llf2L2 11311^2^2 11011^2^2 



i26 



E 



|n|4 (n)^-(ni)~2.^„^^^2s^^^ 
7(71)2 



(a)2-(a2)2b 



711 Tl 



+ ll/llf2L2||.9||f2i2||0|| 



{0-2 



,2b 



E 



Im + n2\' {ni + n2)^-(ni)-2-(n2)-^-xg 

7(ni+ 712)2 (ai)26((7)2'» 



■cZti 



Ti2 ^2 



where cr, ui, (T2 were given in the condition (IV) and 

c ^ / (n-2,7ii,T2,ri) e Z^ X K2 : m 7^ 0, ni +n2 7^ and 

' - I |Tl+ri2|,|(Ti+r2)-(71i+7l2)2| < |r2-n2| 

Therefore from Lemma [Xll ([TT|) it suffices to get bounds for 

1 \n\* ^ (n)2-(ni)-2^(7i2)-2- „ 



(cr)2° 7(71)2 ^ (t- - ri2 + 2nni) 



7^2 = sup 



1 ^ |n|4 (n)2''(7ii)-2''(n2)"2' 



■E 



ni:Ti (cri)2^ ^ 7(71)2 +nl- 2nni) 



2a 



on S'2 



■E 



2s/„ \-2s, 



Fl+"-2 (ni + 77,2)'-' (77,1 



-2s 



" 4^2 {'J2)^' ^ 7("i + "2)2 (t2 - ni - 2n2 - 2ni7i2)2» 



on 53 



n 

In the region B\ we have = 0, therefore the estimate is trivial. 

7(?T.)2 
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Remark 3.3 We should notice that region Bi is difficult to handle when we consider equation with 
nonlinearity F2 in the periodic setting (see Kenig, Ponce and Vega fl 0^, Theorem 1.10— [Hi)). In order to 
prove the bilinear estimate in this case one need to hound 

In particular, when n = we have 



Now, taking ti — —N'^, ni — N and letting N ^ 00 we conclude K2 — 00 for s < 0. Therefore, we 
cannot push the LWP to equation (0) with nonlinearity F2 for any s < using this method. 



In region B2, we have 



{nf {ni)-"^" {712)-"^" < 1 and < 1 for all n e Z. 

7W 



Therefore for ni = we obtain 

1 



for a,b > 0. 

In region -63,1, we have 

where 



77(s) 



0, if s > 
4|s|, ifs<0 



Moreover, by the algebraic relation (fT8|) we have 
Therefore 

Ki < sup(a)''(^)-2a y ^ J_ < 1 

for b> 1/2 and ry(s) < 2a. 

Next we estimate In the region -83,2, we have 

Ininl < (cti) 

and 

\ti + ni' - 2nni\ < 2{ai). 
In view of and Lemma (fTS]) . we obtain 

1 



K2 < SM^iaiY^'^-^^Y, 



-2a 
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for a < 1/2 and 77(5) < niin{26, 2a + 2& - 1}. 

Finally, we estimate K3{n2,T2). In the region -83,3, we have 

Moreover, the algebraic relation implies 

\n2\ < \ni + 712! + \ni\ < \ni{ni + 712)! < (cr2). 
Therefore, Lemma (IT^ implies that 

1 



K3 < sup {(T2 



Ms)-2b 



E 

ni#0 



(t2 — 71-2 — 2n^ — 2nin2)^ 



< 1 



for a > 1/4, 6 > 1/2 and s > -1/4 which implies 77(3) < 26. 



Remark 3.4 Oticc t/ie bilinear estimates in Theorem \l.l\ have been established, it is a standard matter to 
conclude the LWP statement of Theorem \1.S[ We refer the reader to the works UOf and JEjj for further 
details. 



4 Counterexample to the bilinear estimate ([5]) 

Proof of Theorem II. 2i For u G Xg^b and v E Xg.b we define f{T,n) = (|r| — ^{n)Y {n)^u{T,n) and 
g{T,n) = (|r| — j{n))''{n)^v{T,n). By Lemma \3A\ the inequality ([5]) is equivalent to 



|n|2 (n) 



-y 



f{T\,ni)g{T2,n2)dTx 



< 



IfWilL^WgWiiLi, 



where 



77,2 = 77 - 77l, r2 = T - Tl , 
<T=|r|-77^ (Ti = |ti| - Tlf, (72 = |t2| - 77^- 



For TV e Z define 



and 



/Ar(r, 77) = a„x((T - "-^)/2), with a„ 
5Ar(r, 77.) = 6„x((r + n'^)/2), with 6„ 



1, 77 = iV, 

0, elsewhere. 



1, 77==1-7V, 

0, elsewhere. 

where x(') denotes the characteristic function of the interval [—1, 1]. Thus 



o-mbn-ni 7^ if and only if ni ~ N and 77 = 1 
and consequently for N large 

fx((ri - 77?)/2)x((t -T^ + [n - n,f)/2) > x((r + (7. - 7.1)2 - nl)) 

> X((r + 1-27V)). 

Therefore, using the fact that ||t| — 77^1 < min{|T — 77^1, |r + 77,^1}, inequality (pOI implies 



1 > 



^x((r + l-2iV)) 



> N- 



(20) 



LI 



Letting N 00, this inequality is possible only when s > —a/2 which yields the result since a < 1/2. 
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